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Appendix S.1: Proofs in Section 5

S.1.1. Proof of Proposition 1

We prove our claim by considering two cases: i)ρi ≤ αi and ii) ρi >αi.

i) ρi ≤ αi: In this case, for any Di ≤ 1, we have that waiting times are zero, so that Ufi (ri,yi, ti,Di) ≥

riNi ≥ u. Thus, we should have that Dce
i = 1.

ii) ρi >αi: In this case, we have that Ufi (ri,yi, ti,Di)≥ riNi ≥ u for any Di ≤ αi/ρi, similar to part i. On the

other hand, for any Di >αi/ρi, we have that waiting times are infinity, so that Ufi (ri,yi, ti,Di) =−∞<u,

since ρi >αi. Hence, we should have that Dce
i = αi/ρi.

Agent utilizations: When Dce
i = 1, we have that σcei` (ri,yi, ti) = σf` (ri, ti ◦yi/αi, ρi/αi). Moreover,

ρiD
ce
i = α when Dce

i < 1, so that σcei` (ri,yi, ti) = 1 for all ` ∈ {1, . . . ,Ni}. We obtain the function presented

in the proposition when we combine these two observations.

S.1.2. Proof of Theorem 1

In this proof, we, first, focus on symmetric Market Equilibrium, where the same type of agents (high-value

or low-value) charge the same price. We let (pH , pL;αH , αL) be a symmetric Market Equilibrium under the

special market structure. We will provide a discussion on non- symmetric Market Equilibrium at the end of

the proof. As a first step towards characterizing the symmetric equilibrium, we derive the revenue of agents

when all the agents in the same pool charge the same price as follows:

Corollary 2. Let V ceH (pH , pL) and V ceL (pH , pL) be the revenue of a high-value and a low-value agent,

respectively, when all the high-value agents charge pH and all low-value agents charge pL. If RH − pH 6=

RL− pL, then we have that

V ceh (pH , pL) =

{
pH(ρs/αH)τs if ρs ≤ αH
pHτs if ρs >αH

,and V cel (pH , pL) =


0 ρs ≤ αH
pL(ρs−αH)/αLτs αH <ρs <αH +αL

pLτs ρs ≥ αH +αL.

Since (pH , pL;αH , αL) is an equilibrium, there exists a sequence of (εk, δk)-ME, say (pkH , p
k
L;αH , αL), such

that (pH , pL) = limk→∞(pkH , p
k
L) where limk→∞(εk, δk) = (0,0). We let V smH (k) and V smL (k) be the revenue of

a high-value and a low-value agent, respectively, according to (pkH , p
k
L;αH , αL). Then, we have that V smi =

limk→∞ V
sm
i (k) for all i∈ {D,F}.

1 We show that V smH = V smL = 0 by contradiction. Thus, we suppose that either V smH > 0 or V smL > 0 is

true on the contrary and find a contradiction for any possible price pair (pH , pL) satisfying either of these

conditions. To this end, we follow a case-by-case analysis:

i. (RH−pH =RL−pL): Notice that all agents are pooled together in this case and the equilibrium

revenue of the high-value agents is τsp
k
H(ρs/(αH +αL)) by Proposition 1. We also should have that pH > 0

1
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to make sure V smH > 0. Then, consider a small fraction (less than δk) of high-value agents deviate and cut

their prices by an arbitrarily small ζ > 0. The revenue of deviating agents will be τs(p
k
H − ζ) for large k by

Proposition 1. This deviation improves the revenue of deviating agents because ρs < αH +αL, so that any

(pH , pL) satisfying RH − pH =RL− pL cannot emerge as an equilibrium price pair.

ii. (RL−pL >RH−pH): In this case, we have two sub-cases: a) (ρs ≤ αL): By Corollary 2, we

have that limk→∞ V
sm
H (k) = 0 since ρs ≤ αL. We also should have that pL > 0 to make sure V smL > 0. Then,

consider a small fraction of high-value agents deviate and charge p′ with 0< p′ < pL. The revenue of deviating

agents will be p′ for large k by Proposition 1. As this deviation improves the revenue of the deviating agents,

any (pH , pL) in this sub-case cannot emerge as an equilibrium price pair. b) (ρs >αL): By Corollary 2, we

have that lim
k→∞

V smH (k) = τsp
k
H(ρs − αL)/αH . Then, as in Part 1.i, a small group of high-value agents can

improve their revenues by cutting their price. Therefore, any (pH , pL) in this sub-case cannot emerge as an

equilibrium price pair.

iii. (RH−pH >RL−pL): By Corollary 2, we have that limk→∞ V
sm
H (k) = τsp

k
H(ρs/αH) and

limk→∞ V
sm
L (k) = 0. We also should have that pH > 0 to make sure V smH > 0. Then, as in Part 1.i, a small

group of high-value agents can improve their revenues by cutting their price.

2. We suppose that either V smH > τs(RH − RL) or V smL > 0 on the contrary and follow a case-by-case

analysis:

i. (RH−pH ≤RL−pL): The proof is the same as in Part 1 because we rely on ρs < αH +αL in

Part 1, and it is still the case.

ii. (RH−pH >RL−pL): By Corollary 2, we have that limk→∞ V
sm
H (k) = τsp

k
H and limk→∞ V

sm
L (k) =

0 since ρs = αH . We should also have that pH > RH −RL to make sure that V smH > τs(RH −RL). Then,

when a small fraction of low-value agents deviate and charge p′ with 0< p′ < (RL−RH + pH), the revenue

of deviating agents will be p′ for large k by Proposition 1. As this deviation improves the revenue of the

deviating agents, any (pH , pL) in this sub-case cannot emerge as an equilibrium price pair.

5. We suppose that either V smH <RH or V smL <RL on the contrary and follow a case-by-case analysis:

i. (RH−pH =RL−pL): Notice that all agents are pooled together in this case and the equilibrium

revenue of the high-value agents is τsp
k
H) by Proposition 1 since ρs > αH + αL. Then, consider a small

fraction (less than δk) of high-value agents deviate and increase their prices by an arbitrarily small ζ > 0.

The revenue of deviating agents will be τs(p
k
H + ζ) for large k by Proposition 1 since ρs > αH + αL. This

deviation improves the revenue of the deviating agents, so that any (pH , pL) satisfying RH − pH =RL− pL
cannot emerge as an equilibrium price pair.

ii. (RL−pL >RH−pH): By Corollary 2, we have that limk→∞ V
sm
H (k) = τsp

k
H and

limk→∞ V
sm
L (k) = τsp

k
L since ρs >αH +αL. Then, consider a small fraction (less than δk) of low-value agents

deviate and increase their prices by an arbitrarily small 0< ζ < (RL−pL)− (RH −pH). The revenue of devi-

ating agents will be τs(p
k
L + ζ) for large k by Proposition 1 since RL− pL− ζ >RH − pH . As this deviation

improves the revenue of the deviating agents, any (pH , pL) in this sub-case cannot emerge as an equilibrium

price pair.
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ii. (RH−pH >RL−pL): Similar to Part 5.ii, high-value agents now can improve their revenues

by increasing their prices.

The proofs for parts 3, and 4 are similar to the above ones, and thus omitted.

Non-symmetric Market Equilibrium: We do not rule out the existence of a non-symmetric equilibrium

outcome, where the same type of agents (high-value or low-value) charge different prices. However, we show

that the possibility of non-symmetric equilibrium can be ignored using the results of Proposition 3 as we

focus on agent revenues. The following proposition proves that the same type of agents serving the same

customer class in any non-symmetric Market Equilibrium must earn zero revenue.

Proposition 3. Let V smHn and V smLn be the equilibrium revenue of a high-value and a low-value agents in

sub-pool n in the simplified marketplace model, respectively. Then, we have that V smHn = 0 (V smLn = 0) for all

n∈ {1, . . . ,N} if N , the number of different prices announced by the high-value (low-value) agents is two or

more.

The above proposition directly implies that any non-symmetric equilibrium does not affect our results for

the revenue of high-value agents in parts 1 and 2 and for the revenue of low-value agents in parts 1-4 because

we do not exclude the possibility of zero revenue in these cases. In the remaining cases, we can show that

there is not any non-symmetric equilibrium as follows: Suppose there is a non-symmetric equilibrium, where

high-value agents charge different prices, when ρs > αH and RH > RL. By Proposition 3, we should have

that all of the high-value agents earn zero in the equilibrium. However, a small group of high-value agents

can guarantee a strictly positive revenue by charging p′ = (RH −RL)/2 since ρs >αH . Similarly, we can rule

out any non-symmetric equilibrium where low-value agents charge different prices if ρs >αH +αL.

S.1.3. Proof of Proposition 3

In this proof, we focus only on the high-value agents. The proof for the low-value agents is the same, and

thus omitted.

Let (r,y) ≡ (rn, yn)Nn=1 be a Market Equilibrium where yn is the the fraction of agents offering the net

reward rn and N is the number of different net rewards announced by the agents. Since (ri,yi) is an

Market Equilibrium, there exists a sequence (ri
k,yi

k) such that (ri
k,yi

k) is a (εk, δk)-ME where lim
k→∞

εk = 0,

lim
k→∞

δk = 0, ri = lim
k→∞

ri
k, and yi = lim

k→∞
yi
k. Note that we omit the t vector, which represents the flexible

agents decisions about how much capacity they allocate to each class, because we study the simplified

marketplace model after the agents make their service decisions.

Let NH =
{
n∈ {1, . . . ,N} : ∃ high-skiled agents in sub-pool n,

}
, n= min

n∈NH
n, and n= min{n∈ {1, . . . ,N} :

rn < rn}. Note that we should have |NH | ≥ 2. Otherwise, our claim would hold trivially since we would have

that all high-value agents are in the same sub-pool.

We prove our claim by contradiction. Therefore, we suppose V smHn̂ > 0 for some n̂∈NH and find a contra-

diction for ρs >
∑n
n=1 yn and ρs ≤

∑n
n=1 yn.

When ρs >
∑n
n=1 yn, consider a deviation from (rk,yk) where ŷ < δk fraction of high-value agents from

sub-pool n increase their prices by ζ = (rn− rn)/2> 0, which must lead to a price in the finite price set for
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large k as lim
k→∞

εk = 0. Then, by Proposition 1, the revenue of deviating agents is RH − rkn + ζ for large k

since we have that ρs >
∑n
n=1 yn. However, this is a contradiction because deviating agents increase their

revenues for large k as lim
k→∞

εk = 0 because their revenues before deviation can be at most RH − rkn.

When ρs ≤
∑n
n=1 yn, we should have that V smHn = 0 for all n ∈ {n, . . . ,N}, and thus we should have that

V smHn > 0, which implies that RH − rn > 0 and ρs ≥
∑n−1
n=1 yn + y∆ for some y∆ > 0 according to Proposition

1. Consider a deviation from (rk,yk) where ŷ < y∆ fraction of high-value agents from sub-pool n, for some

n∈NH with n≥ n, charge a strictly positive price p′ = (RH − rn)/2, which must be in the finite price set for

large k as lim
k→∞

εk = 0. Then, by Proposition 1, the revenue of deviating agents is p′ for large k since we have

that ρs ≥
∑n−1
n=1 yn + ŷ by the choices of ŷ and p′. This is a contradiction because deviating agents increase

their revenues (which were zero) by more than εk for large k.

Once we show contradictions for ρs >
∑n
n=1 yn and ρs ≤

∑n
n=1 yn, we should have that V smHn = 0 for all

n∈NH when |NH | ≥ 2.

S.1.4. Existence of the equilibrium:

We prove the existence of the equilibrium by constructing one for each of the following three cases:

Case-1 (ρs <αH): We show that (p̃kH , p̃
k
L;αH , αL) is a (εk, δk)-ME where p̃kH = p̃kL = 0, and εk and δk goes

to zero as k→∞. To prove this claim by contradiction, we suppose that (p̃kH , p̃
k
L;αH , αL) is not (εk, δk)-ME

for k > K for some K. Then, at least one group of agents must have a profitable deviation. Suppose, a

yk < δk fraction of high-value agents improve their revenues by increasing their prices to p′ > 0. However, the

revenue of deviating agents would be zero for large k after such a deviation by Proposition 1 because ρs <αH .

Similarly, low-value agents cannot improve their revenues by increasing their prices. Thus, (p̃kH , p̃
k
L;αH , αL)

is a (εk, δk)-ME as k→∞.

Case-2 (αH ≤ ρs <αH +αL): In this case, we show that (p̃kH , p̃
k
L;αH , αL) is a (εk, δk)-ME where p̃kH =

RH −RL− εk, p̃kL = 0, and εk and δk goes to zero as k→∞. We first want to note that the revenue of the

high-value agents according to (p̃kH , p̃
k
L;αH , αL) is τsp̃

k
H by Proposition 1 since ρs ≥ αH .

Similar to the above case, suppose, on the contrary, that yk < δk fraction of high-value agents improve

their revenues by increasing their prices to p′. Notice that p′ must be greater than RH−RL to be a profitable

deviation. However, the revenue of deviating agents would be at most τs(RH −RL)(ρs−αH)/(αH +αL) for

large k after such a deviation by Proposition 1 because p′ > p̃kH . This deviation does not improve the revenues

of the deviating agents because ρs <αH +αL. Similarly, low-value agents cannot improve their revenues by

increasing their prices. Thus, (p̃kH , p̃
k
L;αH , αL) is a (εk, δk)-ME as k→∞.

Case-3 (ρs ≥ αH +αL): In this case, we show that (p̃kH , p̃
k
L;αH , αL) is a (εk, δk)-ME where p̃kH =RH −u,

p̃kL = RL − u, and εk and δk goes to zero as k→∞. By Proposition 1, the revenues of the high-value and

low-value agents are p̃kH and p̃kL, respectively. As p̃kH and p̃kL are the highest prices that the agents can charge,

there is not any profitable deviations for these prices.
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Appendix S.2: Proofs in Section 6

Proposition 4. Equilibrium revenues of the flexible agents serving the same class must be the same.

Furthermore, letting V meiF be equilibrium revenue of a flexible agent serving class i ∈ {A,B}, we have that

V meAF = V meBF .

S.2.1. Proof of Proposition 2

Using the standard definition of the correlation coefficient, for any given shape parameter η, we have that

Corr(SA, SB) =
η(η+ 3)(3η+ 1)(η(4η+ 9) + 4)

4(η+ 1)2(η(η+ 1)(η(η+ 3) + 4) + 1)

As η→∞, we have that Corr(SA, SB)→ 0 because the denominator is a higher degree polynomial than the

numerator is. On the other hand, as η→ 1, we have that Corr(SA, SB)→ 4×4×(13+4)

4×4×(2×8+1)
= 1.

Finally, we prove our claim on the independence as follows:

lim
η→∞

P (SA ≤ sA, SB ≤ sB) = lim
η→∞

∫ sA

0

dsA

∫ min{s1/ηA ,sB}

min{sηA,sB}

η+ 1

η− 1
dsB =

∫ sA

0

dsA

∫ sB

0

1

= sAsB = lim
η→∞

(∫ sA

0

dsA

∫ s
1/η
A

sηA

η+ 1

η− 1
dsB

)(∫ sB

0

dsB

∫ s
1/η
B

sηB

η+ 1

η− 1
dsA

)
= lim

η→∞
P (SA ≤ sA)P (SB ≤ sB).

S.2.2. Proof of Proposition 4

We first focus on our claim about the equilibrium revenues of flexible agents serving the same class. Note that

our claim holds trivially if all of flexible agents serving class i∈ {A,B} charge the same price. Furthermore,

Proposition 3 shows that all flexible agents serving class i should earn zero revenue in the equilibrium if they

charge two or more prices. Thus, the equilibrium revenues of the flexible agents serving the same class must

be the same.

We, next, show that flexible agents earn the same equilibrium revenue even if they serve different classes.

We prove our claim by contradiction. Thus, we suppose V meAF 6= V meBF . When V meAF > V meBF ≥ 0, there must

be only one sub-pool, say ñ, with flexible agents serving class A by Part 1. We should also have that

ρA >
∑ñ
n=1 yAn + y∆ for some y∆ > 0 by Proposition 1. Consider a deviation where a yk < δk fraction of

flexible agents serving class B charge p′ = (V meAF + V meBF )/(2τA) and exclusively serve class A (Note that p′

must be in the finite price set for large k as lim
k→∞

εk = 0). By Proposition 1, the revenue of deviating agents

should be τBp
′ for large k since ρA >ρ

0
ñ+ lim

k→∞
yk as a result of the choices of ŷ and p′. This is a contradiction

because deviating agents increase their revenues for large k. Similarly, when V meBF >V
me
AF ≥ 0, a small group

of flexible agents serving class A can improve their revenues. Hence, we should have that V meAF = V meBF .

S.2.3. Proof of Theorem 2

Let γA be the portion of service capacity that the flexible agents allocate to class A. We prove our claim

assuming that τA ≥ τB. the proof for τA < τB is very similar.

We first note that γA must be between 1− ρB and ρA because otherwise the flexible agents serving one

of the classes would earn zero according to Theorem 1. Furthermore, for any γA <ρA, agents’ revenue from
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class A will be τAE[Sη] whereas their revenue from τBE[Sη]. If τA = τB, none of the agents would have

profitable deviation from a strategy where 1− ρB < γA < ρA, and thus this would be a Market Equilibrium.

Then, our claim holds because

E[Sη] =
η+ 1

η− 1

∫ 1

0

∫ s
1/η
A

sηA

sBdsAdsB =
η+ 1

2(η− 1)

∫ 1

0

(s
2/η
A − s2η

A )dsA =
(η+ 1)2

(η+ 2)(2η+ 1)
.

On the other hand, If τA > τB, γA <ρA could not be sustained as an equilibrium because agents’ revenue

from class A would be strictly higher. This would create an opportunity for a small group of agents to

improve their revenues by serve class A exclusively. Thus, when τA > τB, the only equilibrium candidate is

γA = ρA. Such an equilibrium can be sustained when flexible agents charge τBE[Sη]/τA to serve class A. To be

specific, consider a sequence of strategy profiles such that (rkA, y
k
A, t

k
A) = ((1− τB/τA)E[Sη],1, ρA + 2δk) and

(rkB, y
k
B, t

k
B) = (0,1,1− ρA− 2δk). In other words, flexible agents charge τBE[Sη]/τA and allocate a capacity

that is infinitesimally higher than ρA to serve class A. They allocate the remaining of their capacity to class

B and charge E[Sη].

The above profile is a (δk-εk)-Market Equilibirum for large k with δk → 0 as k → ∞ and εk =

τB/τAE[Sη] 2δk

ρA+2δk
: Agents cannot improve their revenue from class B because it is at the highest possible

level. Agents are not fully utilized while serving class A but this is not enough to cut their prices because

of the choices of εk. Finally, a y′ ≤ δk fraction of agents cannot try to increase their prices. After a price

increase, their after deviation revenue would be zero according to Proposition 1 since the service capacity

available for class A at the lower price will be strictly above ρA.

S.2.4. Proof of Theorem 3

We suppose the firm offers Exam A throughout the proof and suppose τA ≥ τB = 1. We first show the h(ω, τ)≡

ω1/η +ωη − 2τω= 0, with τ ≥ 1, has a unique non-trivial solution ω̄ ∈ (0,1). We have that ∂2h(ω,tau)

∂ω2 < 0 for

any ω < η
− 3η

η2−1 ∈ (0,1) and ∂2h(ω,tau)

∂ω2 ≥ 0 otherwise. Combining this with the facts that ∂h(ω,tau)

∂ω

∣∣
ω=0

> 0

and ∂h(ω,tau)

∂ω

∣∣
ω=1

> 0, we can find two critical levels of ω, ω1 and ω2 with 0 < ω1 < ω2 < 1, such that

∂h(ω,tau)

∂ω
< 0 for any ω ∈ (ω1, ω2) and ∂h(ω,tau)

∂ω
≥ 0 otherwise. Then, using h(0, τ) = 0≥ h(1, τ) for any τ ≥ 1,

we have that h(ω, τ)> 0 for any ω ≤ ω1, h(ω, τ)< 0 for any ω ≥ ω2. Furthermore, h(ω, τ) is decreasing in ω

for any ω ∈ (ω1, ω2). Thus there exists a unique ω̄(τ) ∈ (ω1, ω2) with h(ω̄(τ), τ) = 0 and h(ω, τ)> 0 for any

ω < ω̄(τ) and h(ω, τ)< 0 for any ω > ω̄(τ). We illustrate the solution for h(ω,1) = 0 in Figure S.1 for various

values for η.

We next prove that the interval [F−1
η (1− ρA), F−1

η (ρB)] is the dominating interval. For all passing levels

with ω >F−1
η (ρB), dedicated agents earn zero equilibrium revenue according to Theorem 1 because αB >ρB.

Furthermore, all flexible agents serve class A and charge RAF . Therefore, the total revenue of the marketplace

is Π(ω,0) = τA
∫ 1

ω

∫ s1/ηA

sηA
sAfA,BdsAdsB. Notice that Π(ω,0) is decreasing in ω, so that Π(ω,0)<Π(F−1

η (ρB),0)

for any ω >F−1
η (ρB).

Now, consider the passing levels with ω < F−1
η (1 − ρA). The total capacity of the flexible agents is

above both ρA and ρB when ω < F−1
η (1− ρA). Therefore, their revenue in the equilibrium cannot exceed



Allon et.al.: Skill Management in Large-scale Service Marketplaces 7

η= 1.5

η= 2

η= 5

0.2 0.4 0.6 0.8 1.0

-0.2

0.2

0.4

ω

h(ω,1)

(a)

η= 10

η= 20

η= 50

0.2 0.4 0.6 0.8 1.0

-0.5

0.5

ω

h(ω,1)

(b)

Figure S.1 Illustration of the solution for h(ω,1) = 0 when η is a) low and b) high.

min{τARAF ,RBF } because the flexible agents must earn the same equilibrium revenue regardless of the

class they serve by Proposition 3. We show that RAF ≥ RBF : RAF = RBF at ω = 0 and ω = 1. Moreover,

(RAF −RBF )αF is increasing in ω for any ω < ω̄(1) and decreasing otherwise because its derivative with

respect to ω is (η+1)(ω1/η−ωη)

2(η−1)
h(ω,1). Therefore, all flexible agents earn at most RBF . We also have that dedi-

cated agents earn at most RB. Combining these two, we have that Π(ω,0)≤E[Sη]≤Π(F−1
η (1−ρA),0) where

the last inequality holds because RAF ≥RBF and all flexible agents can serve class A when ω= F−1
η (1−ρA).

After proving [F−1
η (1 − ρA), F−1

η (ρB)] dominates the rest of the passing levels, we focus on the total

revenue in the dominating interval. For any ω ∈ [F−1
η (1 − ρA), F−1

η (ρB)], the flexible agents sustain an

equilibrium by serving only class A and charging RAF because αF ≤ αA. Moreover, the dedicated agents

can charge RB since αB ≤ ρB. Therefore, the total revenue or any ω ∈ [F−1
η (1− ρA), F−1

η (ρB)] is Π(ω,0) =∫ ω
0

∫ s1/ηA

sηA
sBfA,BdsAdsB + τA

∫ 1

ω

∫ s1/ηA

sηA
sAfA,BdsAdsB. Taking the derivative of the revenue function, we have

that Π′(ω,0) = (η+1)(ω1/η−ωη)

2(η−1)
h(ω, τA). Therefore, the optimal passing level is the solution of h(ω, τA) = 0

if ω̄(τA) is inside the dominating interval. Otherwise, one of the end points of the dominating interval is

optimal. Finally, the existence of the Market Equilibrium is directly due to Theorem 1.

S.2.5. Proof of Theorem 4

We first want to note that lim
η→∞

ρ̄ = τj/(2τi) because lim
η→∞

ω̄ = τj/(2τi) and lim
η→∞

Fη(ω) = ω. Therefore, we

have that lim
η→∞

ω∗i is as described in the theorem. Furthermore, when only Exam i is offered with threshold

ω, flexible and dedicated agents cannot earn more than τiRiF and τjRj , respectively. Therefore, as η→∞,

the highest possible profit that can be generated in the marketplace cannot exceed Πi(ω)≡ τjω/2 + τi
∫ 1

ω
sds

with i 6= j ∈ {A,B}, i.e., lim
η→∞

Π(ωA, ωB) ≤ Πi(ω) for any ωi = ω and ωj = 0. As long as ω ∈ [1 − ρi, ρB],

the highest profit can actually be sustained as a Market Equilibrium, where all flexible agents serve class i.

Hence, we also have that limη→∞Π∗i = max1−ρi≤ω≤ρj Πi(ω)

Using the above observations, we can write the firm’s optimal revenue under Exam i as

lim
η→∞

Π∗i =


τj
2

[
(1− ρ2

j)
τi
τj

+ ρj

]
if ρj ≤ τj

2τi

τj
2

[
τi
τj

+
τj
4τi

]
if 1− ρi < τj

2τi
<ρj

τj
2

[
ρi(2− ρi) τiτj + 1− ρi

]
if

τj
2τi
≤ 1− ρi.
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Then our claim about the revenue improvement holds true since lim
η→∞

Πo = τj/2.

In order to prove that Exam i is the optimal exam, we first note that Πi(ω)≥Πj(1−ω) for all 0≤ ω≤ 1

when τi ≥ τj because Πi(ω)−Πj(1−ω) = ω(1−ω)[τi− τj ]/2≥ 0. Then, we prove the optimality of Exam i

by considering three cases: (i) 1− ρi < τj
2τi

<ρj , (ii) ρj ≤ τj
2τi

, and (iii)
τj
2τi
≤ 1− ρi.

When 1 − ρi < τj
2τi

< ρj , Exam i is optimal because lim
η→∞

Π∗i = max0≤ω≤1 Πi(ω) ≥ max0≤ω≤1 Πj(ω) ≥

lim
η→∞

Π∗j . When ρj ≤ τj
2τi

, we have that lim
η→∞

Π∗i = max0≤ω≤ρj Πi(ω)≥max1−ρj≤ω≤1 Πj(ω)≥ lim
η→∞

Π(ωA, ωB)

for any ωi = 0 and 1− ρj ≤ ωj ≤ 1. Moreover, when Exam j is offered with threshold ω < 1− ρj , flexible

agents cannot sustain an equilibrium where all of them serve only class j because doing so would leave them

with zero revenue according to Theorem 1. Thus, flexible agents’ revenues cannot exceed τiRi. The dedicated

agents’ revenues are also capped by τiRi because some of them have to serve class i. As a result, we have

that lim
η→∞

Π(ωA, ωB) ≤ τi/2 = Πi(0) for any ωi = 0 and 0 ≤ ωj < 1− ρj . Combining these two findings, we

have that lim
η→∞

Π∗i ≥ lim
η→∞

Π(ωA, ωB) for any ωi = 0 and 0≤ ωj < 1 when ρj ≤ τj
2τi

, which prove the optimality

of Exam i for case (ii).

When
τj
2τi
≤ 1− ρi, we have that lim

η→∞
Π∗i = max1−ρi≤ω≤1 Πi(ω)≥max0≤ω≤ρi Πj(ω)≥ lim

η→∞
Π(ωA, ωB) for

any ωi = 0 and 0≤ ωj ≤ ρi. Moreover, when Exam j is offered with threshold ω > ρi, dedicated agents earn

zero equilibrium revenue according to Theorem 1, so that lim
η→∞

Π(ωA, ωB)≤ τj
∫ 1

ω
sds= Πj(ρi) for any ωi = 0

and ρi < ωj < 1. Combining these two findings, we have that lim
η→∞

Π∗i ≥ lim
η→∞

Π(ωA, ωB) for any ωi = 0 and

0≤ ωj < 1 when
τj
2τi
≤ 1− ρi, which prove the optimality of Exam i for case (iii).

S.2.6. Proof of Theorem 5

We prove our claim assuming τA ≥ τB = 1 for ease of explanation. The proof for τA < τB is almost identical. In

our proof, we denote the marginal probability distribution by f1(ω) as η→ 1, which is equal to 4ω log(1/ω).

Also notice that lim
η→1

RAF = lim
η→1

RBF for any (ωA, ωB).

When the firm offers only Exam A, the flexible agents can earn at most τARAF , and the dedicated agents

can earn at most RB simply because these are the highest possible prices that they can charge. Therefore,

when the exam threshold is ωA, we have that

lim
η→1

Π(ωA,0)≤ lim
η→1

αBRB +αFRAF =

∫ ωA

0

sf1(s)ds+ τA

∫ 1

ωA

sf1(s)ds,

where the the upper-bound is a decreasing function of ωA. It is also important to note that the flexible

agents can sustain an equilibrium where they earn τARAF only when ωA ≥ F−1
1 (1− ρA). Therefore, for any

exam threshold ωA ≥ F−1
1 (1− ρA), we have that lim

η→1
Π(ωA,0)≤ lim

η→1
Π(F−1

1 (1−ρA),0). On the other hand,

for any exam threshold ωA < F−1
1 (1− ρA), flexible agents cannot sustain an equilibrium where all of them

serve only class A because doing so would leave them with zero revenue according to Theorem 1. Thus,

the flexible agents can earn at most RBF because some of them have to serve class B. Therefore, we have

that lim
η→1

Π(ωA,0)≤ lim
η→1

αBRB +αFRBF =
∫ 1

0
sf1(s)ds= 4/9. Finally, we have that lim

η→1
ω∗ =≡ F−1

1 (1− ρA)

because

lim
η→1

Π(F−1
1 (1−ρA),0) =

∫ ω∗
1

0

sf1(s)ds+ τA

∫ 1

ω∗
1

sf1(s)ds=

∫ 1

0

sf1(s)ds+ (τA− 1)

∫ 1

ω∗
1

sf1(s)ds≥ 4/9,
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where ω∗1 ≡ F−1
1 (1 − ρA) and the last inequality holds because

∫ 1

0
sf1(s)ds = 4/9 and τA > 1. The above

equation also implies that lim
η→1

∆∗A = 9/4(τA− 1)
∫ 1

ω∗
1
sf1(s)ds.

When the firm offers only Exam B, flexible agents cannot sustain an equilibrium where all of them serve

only class A because doing so would leave them with zero revenue according to Theorem 1. Thus, the flexible

agents can earn at most RBF . This also sets a cap for the equilibrium revenues of the dedicated agents

serving class A at τARA− (τA− 1)RBF because according to Theorem 1, dedicated and flexible serving the

same class should leave the same net reward to the customers. Then, we have that

lim
η→1

Π(0, ωB) ≤ lim
η→1

αA[τARA−(τA−1)RBF ] +RBFαF =

∫ 1

ωB

sf1(s)ds+ τA

∫ ωB

0

sf1(s)ds− (τA−1)

∫ ωB

0

RF1
f1(s)ds

≤
∫ 1

0

sf1(s)ds+ (τA−1)

∫ ωB

0

[s−RF1
]f1(s)ds≤

∫ 1

0

sf1(s)ds= 4/9,

where the second inequality holds because RF1
≡ lim
η→1

RBF ≥ ωB. Combining the above inequality with the

fact that lim
η→1

Π(F−1
1 (1−ρA),0)≥ 4/9 proves the optimality of offering Exam A.

S.2.7. Proof of Theorem 6

Let π̃i(ω) = τjω
(∫ 1

max{1−ρj/ω,0}
sds
)

+τi
∫ 1

ω
sds for i 6= j ∈ {A,B}. π̃i(ω) is concave in ω. Furthermore, denot-

ing the level of ωi that maximize π̃i(ω) over the range [1−ρi,1] by ω̃, we have that ω̃i =
[
τjρ

2
j/(2τi)

]1/3
when

ρj < τj/(2τi), and at ω̃i = min{1−ρi, τj/(2τi)}, otherwise. We illustrate the structure of π̃i(ω) in Figure S.2.

ρB= 0.1

ρB= 0.2

ρB= 0.4

0.2 0.4 0.6 0.8 1.0

0.2

0.3

0.4

0.5

0.6

0.7

ω

π̃A(ω)

(a)

ρB= 0.5

ρB= 0.6

ρB= 0.8

0.2 0.4 0.6 0.8 1.0

0.40

0.45

0.50

0.55

0.60

0.65

0.70

ω

π̃A(ω)

(b)

Figure S.2 Illustration of the function π̃A(ω) when τA = 1.2, τB = 1, and ρB is a) less than τA/(2τB) and b) more

than τA/(2τB).

Using these properties of π̃i(ω), we show that limη→∞Π(ωA, ωB) is bounded above as the following propo-

sition establishes:

Proposition 5. limη→∞Π(ωA, ωB)≤max{π̂A(ω̃A), π̂B(ω̃B)}.

As we use it in our proof, we want to recall that Πi(ω) ≥ Πj(1 − ω) if τi ≥ τj as discussed in the

proof of Theorem 4, where Πi(ω) = τjω/2 + τi
∫ 1

ω
sds for i 6= j ∈ {A,B}. Moreover, we have that π̃i(ω̃i) ≤

max1−ρi≤ω≤1 Πi(ω), where the equality holds when ρj ≥ τj/(2τi).
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1. We prove our claim by considering two cases: i) τA < τB, and ii) τA ≥ τB.

i)τA < τB : Note that offering Exam B is optimal in the One Test case since τA < τB. Therefore, we have

that limη→∞max{Π∗A,Π∗B} = limη→∞Π∗B. Furthermore, we have that limη→∞Π∗B = max1−ρB≤ω≤1 ΠB(ω)

since ρA ≥ 1/2≥ τA/(2τB). Next, we have that π̃B(ω̃B)≥ π̃A(ω̃A) because

π̃A(ω̃A)≤ΠA(τB/(2τA))≤ΠB(1− τB/(2τA))≤ max
1−ρB≤ω≤1

ΠB(ω) = π̃B(ω̃B).

The second inequality above holds because τA < τB implies that ΠB(ω)≥ ΠA(1− ω). The third one holds

because we have that 1− ρB ≤ 1− τB/(2τA), which is a direct implication of ρB ≥ τB/(2τA).

Combining these observations with Proposition 5, we have that limη→∞
Π(ωA,ωB)

max{Π∗
A,Π

∗
B}
≤ 1 when ρB ≥

τB/(2τA), which implies that limη→∞∆∗∗ = 0.

ii)τA ≥ τB : Similar to the previous case, Exam A is the optimal exam, and thus we have that

limη→∞max{Π∗A,Π∗B} = limη→∞Π∗A. Furthermore, we have that limη→∞Π∗A = max1−ρA≤ω≤1 ΠA(ω) since

ρB ≥ τB/(2τA). Next, we show that π̃A(ω̃A)≥ π̃B(ω̃B). First, when 1− ρA ≤ τB/(2τA), we have that

π̃B(ω̃B)≤ΠB(τA/(2τB))≤ΠA(1− τA/(2τB))≤ΠA(τB/(2τA))≤ max
1−ρA≤ω≤1

ΠA(ω) = π̃A(ω̃A).

When 1− ρA > τB/(2τA), which also implies that ρA <min{1, τA/(2τB)}, we have that

π̃B(ω̃B)− π̃A(ω̃A) ≤ max
(ρA, τA, τB)

1/2 ≤ ρA ≤ ω̃B ≤ 1

π̃B(ω̃B)− π̃A(ω̃A)≤ max
(ρA, τA, τB)

1/2 ≤ ρA = ω̃B ≤ 1

π̃B(ω̃B)− π̃A(ω̃A)

= max
1/2 ≤ ρA ≤ 1

ρA(1− ρA)(1− 2ρA)τB/2≤ 0,

where the second inequality holds because π̃B(ω̃B) − π̃A(ω̃A) is decreasing in τA, which implies that the

maximum must be achieved when ω̃B = ρA, and the last one holds because 1/2≤ ρA ≤ 1.

Finally, we want to note that limη→∞Π∗A = max1−ρA≤ω≤1 ΠA(ω) = π̃A(ω̃A).

Combining these observations with Proposition 5, we have that limη→∞∆∗∗ = 0 as in the case of τA < τB.

2. We prove our claim by considering two cases: i) τA < τB, and ii) τA ≥ τB.

i) τA < τB : As in part 1, Exam B is the optimal exam, and thus we have that limη→∞max{Π∗A,Π∗B}=

limη→∞Π∗B. Furthermore, we have that limη→∞Π∗B = max1−ρB≤ω≤1 ΠB(ω) since ρA ≥ 1/2 > τA/(2τB).

We also want to note that if π̃B(ω̃B) ≥ π̃A(ω̃A), we would have that limη→∞∆∗∗ = 0 because π̃B(ω̃B) =

max1−ρB≤ω≤1 ΠB(ω) due to the fact that ρA > τA/(2τB). Thus, we must have that π̃B(ω̃B) < π̃A(ω̃A) in

order to have any benefits from the second exam. Moreover, we would have that limη→∞∆∗∗ = 0 if 1−ρB ≤

τA/(2τB) because 1 − ρB ≤ τA/(2τB) implies that limη→∞Π∗B = max0≤ω≤1 ΠB(ω) ≥ max0≤ω≤1 ΠA(ω) ≥

π̃A(ω̃A).

Using these observations, we have that

lim
η→∞

∆∗∗ ≤ max
(ρB , τA, τB)

0 ≤ ρB ≤ ω̃A ≤ 1

π̃A(ω̃A) ≥ ΠB(1− ρB)

π̃A(ω̃A)

ΠB(1− ρB)
− 1≤ max

(ρB , τB)
0 ≤ ρB ≤ ω̃A

ρB ≤ 1/2, τA = τB

π̃A(ω̃A)

ΠB(1− ρB)
− 1 = max

0≤ρB≤1/2

ρB(2− 3 3
√

2ρB + 2ρB)

2 + 2(1− ρB)ρB
≤ 0.021.
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The second inequality above holds because π̃A(ω̃A)

ΠB(1−ρB)
is decreasing in τB, which implies that the maximum

must be achieved when τB = min{ρBτA/2, τA}. We also show that we should have that ρB ≤ 1/2 in order to

have π̃A(ω̃A)≥ΠB(1− ρB), and thus we should have that τB = τA.

ii) τA ≥ τB : As in part 1, Exam A is the optimal exam, and thus we have that limη→∞max{Π∗A,Π∗B}=

limη→∞Π∗A. Furthermore, we have that limη→∞Π∗B = ΠA(ρB) since ρB ≤ τB/(2τA). We also want to note

that π̃A(ω̃A)≥ π̃B(ω̃B) because

π̃A(ω̃A)≥ max
0≤ω≤ρB

ΠA(ω)≥ max
1−ρB≤ω≤1

ΠB(ω) = π̃B(ω̃B).

The first inequality above holds since ΠA(ω) is increasing in ω when ρB ≤ τB/(2τA). The second one holds

because τA ≥ τB implies that ΠA(ω)≥ΠB(1−ω).

Using these observations and the fact that ρB ≤ τB/(2τA)≤ 1/2, we have that

lim
η→∞

∆∗∗ ≤max
(ρB , τA, τB)

0 ≤ ρB ≤ ω̃A ≤ 1

ρB ≤ 1/2

π̃A(ω̃A)

ΠA(ρB)
− 1≤ max

(ρB , τB)
0 ≤ ρB ≤ ω̃A

ρB ≤ 1/2, τA = τB

π̃A(ω̃A)

ΠA(ρB)
− 1 = max

0≤ρB≤1/2

ρB(2− 3 3
√

2ρB + 2ρB)

2 + 2(1− ρB)ρB
≤ 0.021

The second inequality above holds because π̃A(ω̃A)

ΠA(ρB)
is decreasing in τA, which implies that the maximum

must be achieved when τA = τB.

3. We prove our claim assuming τA ≥ τB = 1 for ease of explanation. The proof for τA < τB is almost

identical. In our proof, we denote the marginal probability distribution by f1(ω) as η→ 1. Also notice that

lim
η→1

RAF = lim
η→1

RBF for any (ωA, ωB).

As the first step of our proof, we show that lim
η→1

Π(ωA, ωB)≤ 4/9 for any (ωA, ωB) with ωB > ωA. When

ωB >ωA, the flexible agents can earn at most RBF since τA ≥ τB and RAF and RBF converges to each other

as η→ 1. Furthermore, we have dedicated agents serving class A and their equilibrium revenue cannot exceed

τARA − (τA − 1)RBF . Therefore, we have that lim
η→1

Π(ωA, ωB) ≤ lim
η→1

αA[τARA−(τA−1)RBF ] + RBFαF =∫ 1

ωA
sf1(s)ds+ (τA−1)

∫ ωB
ωA

[s−RBF ]f1(s)ds≤
∫ 1

ωA
sf1(s)ds≤ 4/9, where the second inequality holds because

RBF ≥ ωB.

For any (ωA, ωB) with ωA >ωB and ωA ≥ F−1
1 (1− ρA), the flexible agents can earn at most τARAF , and

the dedicated agents can earn at most RB. Therefore, we have that

lim
η→1

Π(ωA, ωB) ≤ lim
η→1

αBRB +αFRAF =

∫ ωA

ωB

sf1(s)ds+ τA

∫ 1

ωA

sf1(s)ds≤
∫ F−1

1 (1−ρA)

0

sf1(s)ds+ τA

∫ 1

F−1
1 (1−ρA)

sf1(s)ds

= lim
η→1

Π(F−1
1 (1−ρA),0),

where the second inequality holds because the left-hand-side decreases in ωB and ωA. On the other hand,

when ωA <F
−1
1 (1−ρA), the flexible agents can earn at most RBF because some of them have to serve class

B. Therefore, we have that lim
η→1

Π(ωA, ωB)≤ lim
η→1

αBRB +αFRBF =
∫ 1

ωB
sf1(s)ds≤ 4/9.

Combining the above observations, we have that lim
η→1

Π(ωA, ωB) ≤ max{4/9, lim
η→1

Π(F−1
1 (1−ρA),0)} for

any (ωA, ωB). As we discuss in the proof of Theorem 5, lim
η→1

Π(F−1
1 (1−ρA),0) ≥ 4/9, and the firm can

achieve lim
η→1

Π(F−1
1 (1−ρA),0) using only one test. Hence, the second exam does not bring any benefits, i.e.,

lim
η→1

∆∗∗ = 0.
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S.2.8. Proof of Proposition 5

We will follow a case-by-case analysis based on the regions described in Figure S.3 to prove that

lim
η→∞

Π(ωA, ωB)≤max{π̂A(ω̃A), π̂B(ω̃B)} ,

where π̃i(ω) = τjω
(∫ 1

max{1−ρj/ω,0}
sds
)

+ τi
∫ 1

ω
sds for i 6= j ∈ {A,B}. Furthermore, we let ω̃ ≡

arg max1−ρi≤ω≤1 π̃i(ω). We focus on the case of τA ≥ τB because the proof is almost identical for τA ≤ τB.

For notational convenience, we use the upper-script ˜ to denote the limit of the revenue function, expected

reward functions, and fraction of agents as η→∞. We also note that the customers expect the same reward

from flexible and dedicated agents at the the limit. Therefore, we denote the class i ∈ {A,B} customers’

expected reward at the limit by R̃i.

-
ωA

6
ωB

1

1

τA/τB − 1

ρA

-

ωA = 1− ρA/ωB
on the curve:
For any (ωA, ωB)

ρB

-

ωB = 1− ρB/ωA
on the curve:
For any (ωA, ωB)

1− ρA

1− ρB

�
��
6

�
��
5

�
��
4

�
��
3

�
��
1

�
��
2

Figure S.3 Different regions that a given passing levels (ωA, ωB) falls as η→∞ when τA ≥ τB.

Region-1: For any (ωA, ωB) in this region, we have that α̃A > ρA. Therefore, the equilibrium revenue of

dedicated agents serving class A should be zero according to Theorem 1. Furthermore, agents serving class

B cannot earn more than τBR̃B Then, we have that Π̃(ωA, ωB)≤ τBR̃B[α̃B + α̃F ] = τB
∫ 1

ωB
sds≤ π̃B(ωB)≤

maxρA≤ω≤1 π̃B(ω)≤ π̂(ω̃B).

Region-2: For any (ωA, ωB) in this region, we have that τAR̃A ≤ τBR̃B since R̃i = (1 + ωi)/2 and ωA +

τA/τB−1≤ ωB. Therefore, the equilibrium revenue of the flexible agents cannot exceed τBR̃B. Furthermore,

the equilibrium revenue of dedicated agents serving class i∈ {A,B} cannot exceed R̃i. Thus, for any (ωA, ωB)

in this region, we have that Π̃(ωA, ωB)≤ τBR̃B[α̃B + α̃F ] + τAR̃Aα̃A = τB
∫ 1

ωB
sds+ τAωB

∫ 1

ωA
sds≤ π̃B(ωB),

where the last inequality holds because left-hand-side is decreasing in ωA. This implies that Π̃(ωA, ωB) ≤

max1−ρB≤ω≤1 π̃B(ωB)≤ π̂(ω̂B) in Region 2.

The line with ωB = ωA + τA/τB−1: For any (ωA, ωB) in this line, we have that τAR̃A = τBR̃B. Therefore,

any agent (flexible or dedicated) serving class i∈ {A,B} cannot earn more than τiRi. Thus, for any (ωA, ωB)

in this line, we have that Π̃(ωA, ωB) ≤ τBR̃B[α̃B + α̃F ] + τAR̃Aα̃A = τB
∫ 1

ωB
sds+ τAωB

∫ 1

ωA
sds ≤ π̃B(ωB).

Similarly, we have that Π̃(ωA, ωB)≤ τAR̃A[α̃A + α̃F ] + τBR̃Bα̃B = τA
∫ 1

ωA
sds+ τBωA

∫ 1

ωB
sds≤ π̃A(ωA). In

other words, we have that Π̃(ωA, ωB)≤min{π̃A(ωA), π̃B(ωB)}.
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We also note that we should have either 1− ρA ≤ τB/(2τA) or 1− ρB ≤ τA/(2τB) because otherwise we

would have that 2−ρA−ρB > τA/(2τB)+τB/(2τA)≥ 1, which contradictions with the fact that ρA+ρB ≥ 1.

If 1− ρA ≤ τB/(2τA), we have that π̃A(ω̃) = max0≤ω≤1 π̃A(ω) because π̃A(ω) is increasing in ω for any

ω < 1− ρA. Combining this with the above upper-bound on Π̃(ωA, ωB), we have that Π̃(ωA, ωB)≤ π̃A(ω̃).

Similarly, if 1− ρB ≤ τA/(2τB), we have that Π̃(ωA, ωB)≤ π̃B(ω̃B).

Region-3: For any (ωA, ωB) in this region, we have that α̃B + α̃F > ρB and τBRB ≥ τARA. Therefore,

the flexible agents have to serve both classes, which means that the equilibrium revenue of the flexible

agents cannot exceed τARA. This implies that the revenue of dedicated agents serving class B cannot exceed

τARA because according to Theorem 1, dedicated and flexible serving the same class should leave the same

net reward to the customers. Π(ωA, ωB) ≤ τARA[αA + αB + αF ] = τA
1−ωAωB

1−ωA

∫ 1

ωA
sds ≤ Π(ωA, ωBL) with

ωBL = ωA + τA/τB − 1, where the last inequality holds because the left-hand-side is decreasing in ωB. Then,

our claim holds since we already show that Π(ωA, ωBL)≤max{π̂A(ω̃A), π̂B(ω̃B)} above.

Regions 4, 5, and 6: The proofs for regions 4, 5, and 6 are almost identical to the proofs for regions 3,

2, and 1, respectively, and thus omitted.

S.2.9. Proof of Corollary 1

As we have that limη→1 ∆∗A = limη→1 ∆∗B = limη→1 ∆∗∗ = 0, for any C > 0 there exists a η such that both

∆∗ < C/Πo and ∆∗∗ < C/max{Π∗A,Π∗B} holds true for any η < η. This implies that Πo > Π∗i − C for all

i∈ {A,B} and Πo >max{Π∗A,Π∗B}−C >Π∗∗− 2C. Hence, offering zero test is optimal for any η < η.

Regarding the second claim, as long as C is between the bounds stated in the corollary, there exists a η

such that both ∆∗∗ <C/Π∗∗ ≤C/max{Π∗A,Π∗B} and ∆∗ >C/Πo hold true for any η > η. This implies that

max{Π∗A,Π∗B}>Π∗∗−C and max{Π∗A,Π∗B}−C >Πo for any η > η. Hence, offering only one test is optimal

for any η > η.


